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Abstract

Various features of & mathemutical model are described
along with its limitations and advantages. Essential skeps to
cevelop a mathematical model for a physical problem are stated.
To ilcentify independent parameters controlling the process
involved in the physical problem, use of similarity and dimen-
sional analyses is presented., }Methods of solutions applied
particularly to conduction with and without phase-change are

suggested,

A mathematical model is developed for solidification
with &ir-gap formation in the vertical mould of a continuous
casting machine. Similarity analysis predicts that this model
is controllby two inaependent parameters, the Stefan number ,Sg
‘and the ratio of densities of solid liguid phases, Qsl.*rhe
governing equéation along with nonlinear boundary condition
Gue to moving solid-liquid interface is solved using the heat
balance integral and the quasi-steady methods. They yielded
closeu form solutions for solidified-shell thickness, air-gap
and mould wall temperature in terms of these two parameters.
The velidity of the model is confirmed with the experimental
results and theoretical analysis for no air gap formaution

in the continuous casting.
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1.0: Introcuction

Design, control and optimisation of metallurgical
processes in the pust were based on empirical models., Their
empirical relations were derived from observation of the
processes, experimental data and experience of working on
the processes. They, however, are restricted to the range of
experimental uate, rail to provide realistic prediction upon
extrapolation, cannot be generulised and may not always help
to understand the fundauwentuls ol the processes. Mathematical
models, therefore, gained recognisution and become iwportant
in recent years. They are developed for many metallurgigal
processes and the present author and co-workers attempted to
develop mathemetical models for solidification in continuous
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casting mouldl » hot tops for ingot solidification4, control
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of movement of electrodes in electron beam melting process ,

chiliing pr008856, reduction process in retort furnace7"8,

thermomechanicul treatment processg, melting of scrap in B,0.F
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process and therwmal performance of rolls during hot rolllng1

matgematical mocel 1s & mathematical device which represents ¢
metallurgical ol any other process 1in terms of equations
written in algebric, differential or integral form. The model
is besed on basic principles governing the process. Itypredict
the controlling parameters for which the model is made. But tl
preciction may not be always exact since several asgumptions

heve to be made to prepare the model but it is valuable,

accurcte, reaslistic and provides prior knowledge for desgign,



control and optimisation ol the process. Conversion of the model
1

data can be adapted to plant and planning ol operation d% the

process becomes easier

This paper describes the step by step procedure for the
development of a m&themiétical model, format of application of
similerity analysis for providing independent non-dimensional
controlling perameters and wethods of solution. Using these
steps, a meétheuwctical meodel for sclidificetion of molten materia
in a4 verticel moulu oi a continuous casting machine is formulate
The air-gap is taken into account in the model. The similarily
analysis with suitable and appropriate similerity dimensionless
gZroups is applied to the model. It gives Stephan number, Si
and the ratio ol aensities of solid and molten phases, st, as
independent controlling parameters. Despite the model is matheme
ticelly nonlinear, employing the heat balances and quasi-steady
methoa, the close form solutions for mould wall temperature,
salidified shell thickness and the air-gap thickness are obtaine
in terms of stephan number, Si @nd ?5[' Their effects are shown
graphicully. The validity of the model is confirmed with exper!:
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mental aata , &and the theoretical results™ obtained for no aia

zap formation und for negligible sensible heat or high latent

hecat of fusion.
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2.0 Mathematical lModel

|
Mathematical Model converts a physical problem associated with i

a metallurgical or any other process into a set mathematical |

equations, conditions that bound the process and conditions of i

starting and or terminating the process. It predicts directly
feature of controlling and relevant parameters of the process
and does not require the help of experimental cdata in the

prediction,

~

Following steps are outlineda for development of a
mathematical model:

* a physical problem encounterea in a process is to be

described.

* basic and constitutive laws involved in the process are
to be identified.

* suitable and realistic assumptions and approximations
are to be applied so that the physics of the problem will not be
changed. It will yield the idealised problem.

* dependaing upon the information desired, lumped, differen-
tial or integral control volume is to be chosen.

* mathematical equations governing the idealised problem
are to be written and initial and boundary conditions agsociated

with the problem are to be prescribed.

* similarity analysis is applied to provide independent
parsmeters controlling the problem of the process.

* suitable mathematical methods are applied to provide

solutions in terms of independent parameters.
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* results obtuined irom solutions are to be interpreted

wlth their physical meaning for application to the process.

Similerity & Dimensionual Analyses

Metullurgical «nd other processes encountered in many
industrial applications are described by process control, operatin;
ana geometric variables. Their nuamber, called physiczl variable
becowes large. To study their effect upon different character-
istics of & process, one variable at a time is changed keeping
otluers inveriant. 3ut the efiect of these variables may not be
alwuys independent ol euch other. A combinction of several varia-
bles that will provide @n indepenaent erffect, is therefore,
sought. A process m&y huve one or more than one such combinztions.
In case of more than one cowmbinations, &he effect of one is
independent of others and it has  advantages of -

* reducing & number of physical variables of a process, to a

minimum number of independent parameters,

*  representing adequately the characteristiecs of a process,

* minimising operating variables to predict the character-

istics of a process,

* providing independent controlling parameters for a new

process,
* facilitating the design of process eyuipment,

* employing laboratory level data directly to pilot and

industrial plants.

Any physicul law governing a process is; denoted in a form

that becomes independent of a particulars system ol units used.

As @ result, the physical guantities describing the process and



S 5

represented in terms ol a particular system of units yield

several colbinations of thesequantities that would be independent

of theseunits. They are recognised as nondimensional independent

parameters. They are less than the number of physical quantities.

Their numbers are determined from the aitfference of the number of{
physical variables and the number ol primary dimensions represen-

ting themn.

To estimate the number of nondimensional independent

-

parameters, two methods are available. They are -

* similarity analysis

* dimensional &nalysis

The concept of similarity &nalysis uses the criteria of
geometric, static, kinematic, dynamic, thermal and chemical
gimilarity whereas dimensional analysis employs the method of

indices. The later, however, is not versclile &nd its use in a
mathematical model is often discouraged due to

#  prior information needed on the mechanism of & process,
* ugse of less “or more number of physical guantities
resulting in dimensionless in-coupatibity,
* determination of indices through experimentcl cata,
*  empirical correlations restricted within the range of
experinental data.
Application of these two analyses to a metallurgical or

other processes is shown in Pig. 2'1.
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Fig. 2-1

If Necessary

Depending on the type of metallurgical process occured

in an industrial plant, the design of its pilot plant needs

cereful simulation of the metallurgical process. This is

possible once different similerity criteria are accounted for

by the process. Between a bilot bPlant ena its model, geometric

similarity provides a fixed ratio between their corresponding

dimensions; kinematic similarity gives a constant value for

the ratio of velocities @t their corresponding locations;

dynamic similarity yields a fixed retio of their forces acting
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on thetrcorresponding locations and times; thermal similarity
reguires the same temperature gradient in them &nd chemical
similarity states that the rate of chemicel resaction must be

sgme at their corresponding loceations &nd times. Their results

are shown in Fig. 2°'2.

Geometric A Ghan%es size
similar unalter shape
Kinematic — (Geometric ——pm  GeometIlic similay
similar similar flow pattern
Dynamic ~——— (eometric and —>— Pregsure distribution
similar kinematic similar and power :
No movement -——— Geometric Geometric similar
similar temperature
Thermally distribution,
similer . same hea .
Movement —=— Geometric &J/}{ £ e s
Kinematic
similer

No reaction =-—» Geometric & - Geometric similar

e kinematic concentration
Chemically similer distribution
similar
Reaction —>— Geometric =—+— Geometric similar
Kinematic & concentration
thermally distributions,
similar seme mass flux,
same rate of
e chemicel reaction.
F’{so 22

2.2 Method ®f solutions

A physical problem is transformed into & set of mathema-
tical equations describing the process of the problem and a set
of conditions in mathematicel form controlling the process.
Depending on the type of informetion needed, the eguations can he
written in lumped,differential or integral form. Their combina=-

tiong are also used.

ol *‘h
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Lumped form mathematical model provides algebric eguations
that can be readily solved using, matrix inversion, Gaussiam elimi-
nation, Cramer , iterative ana other standard methods. The solu-
tion of this form gives the average value of the controlling

vatiable of the process.

In differential formulation, the mathemetical model of
the process is in terms of differential equations which are
compliceted and their exact solutions are difficult to obtain.
Finite difference and finite element methods are employed. The
resulting eguations are algebric. Numerical solutions are possible
and ere applicable in the range for which the solutions are
obtainea. Semi-aznalytical methoas remove the restriction of
application and for many complicated problems lead to closed form
solutions applicable to entire range of the process for which the
mathemetical mocel is developed. Both numerical and semi-snaly-
ticel results are accurate asnd relieble but the accuracy of the
former is limited to the selection of mesh or element size and
time step whereas the later is accurate near the BEENrzie
controlling boundary. This formulation gives the gpacial instant

l!u ¥
behaviour of the controlling varieble of the process.

As the name implied the integral form of mzthematical
mocel gives integral eguations. These reguire prescription of
the controlling variable that comes within integration. Moreover,
the varizble must be compatible with the controlling boundaries.
This rorm greatly reduces the complexity of the problem and in
many situations it leads to closed-form solutions. Their merits

and cemerits are just described.
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Problems like melting of scerap in 3.0.F furnsce, ingot

solidification, melting of electrodes in electro slag refining '
process, chill formation during solidification in moulds, conti-
nuous ceasting,ablation, and others encountering melting and
solidification are complicated in their mathematical moaels due to
the presence of nonlineasrity caused by moving phc se-change boundary.
Following semi-analytical methods '
(1) Biot's variational method
(1i) Heat balance integral method
(iii) qQuasi-steady method.
are found to ¥+ give accurate and reliable results. loreover, with
proper application they often lead to closed form solutions owing
to whiéh costlp computation and complexity ol finite difference

and finite element can be avoidec.

WBiot's Variational Method:l3

Biot's variational method is based on the principle of

irreversible thermodynemics. The heat conduction equ&ation

DivJ:-c%% (2.1)
: ., 908
with J = - K Gred’ (=% )

is equivalent to a varistional equation

IGOSG dv+5D=—SJ-ﬁ. 59 ds (2.2)
v S

where D, is the dissipation function aefined as
D = 5’ jK (G‘rhd- 9)2 av "o (2.3)
v
In terms of heat flow field, H, the heat conduction

equation (2.1) can be written as

DiVH= ~ G 9 “ o (2.4)
with H= -K Grad{ @ and J = -%%— = f
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The variationdform of this Eq.(2.4) becomes

Jc Sodn s Bp wie -(e“ﬁ.é"ﬂ ds
v s

where the dissipation function D, is

j(“H ¢ (2.6)

Note thet Eq.(2.2) is expressed in terms of temperature field,
o

sons (2+5)

and Egq.(2.5), in terms of heat flow field, H. The selection
of Eg.(2.2) or Ee.2.5) depends on the physics of the problem

and the experience oi the investigatérs. or a given physicel
problem heat transfer and the associated tempereture field which
are functions of time and space coordinates ma&y not necessarily

represent the complete behaviour ol the problem. A certain number

of parcueters a4 1 = 1,2, vssselt which ere unknown functions of
dtime are taken in the variational method in addition to space
coordinates. These parameters, culled generalisea coorcinates,
are capeble of describing completely the behaviour of the problem.

Defining the temperature field as a functions of these

8 =0 (x,y, 2, t, f10 Sar o ﬂ_n) v (2.7

Egs.(2.2) and (8.5) can be converted into eguations of Lagran-
gian form. In Eq. (2.7), X,y,%, Genote cartesian coordinates.
Using Eq.(2.7), Ec.(2.2) takes the form
AV D |

-E?i+ —aqi= Qi’ i = 1’2’.5, -l--n e s " s (2.8)
with Vv, the thermal potential

! de &
= ¥ S C (ﬁ—) dv e (2;8&)
v
and Qi» the thermal force

j-J. n (

n is outward normal unit vector.

) ds (2.8b)

O
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The heat flow field, H can also be represented in generaliged

coordinates

H: H (X,y,x, t, ql, GIZ’ e s qn) . s (2.9)

Application of this to Eq.(2.5) yields

3;;1;, 121 PE e RN g (2.10)
where the thermal Potenticl, V 1is
V=b ‘[vc o° av (2.108) -
and the thermal force y
Q = - S (%1;.). 5 ds (2.10b)
e i

In these eguations v is volume, 3, surfece area, k, thermal

conductivity and ¢ heat capacity of the solid meteriel.

To. employ this method, & suitable tewperature profile. in
terms of generalised coordinate is chosen. It is applied to Ea.
(2.1) to estimete J or to Eq.(2.5) to provide, H. Once J &nd
© are known, Eg.(2.8) can be readily used to give the behaviour
of © &nd generalised coordinate, ey Alternatively, H &nd @

are used in Eg.(2.10) to predict the behaviour of © &nd genera-

ligsed coordinates.

Heat Balance Integral Method 44

This method converts the heat conduction eguetion of

partial adifferential form
e 2 ok de

V 9'- —a— ?‘f— P Y (2-11)
into the integral form of ecuation. The integretion is teken in

space or time coordinate. In metallurgical processes where heat

conduction occurs with er without phase-change, Ec.(2.11l) |is
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is icewlised as unicirectional

1 2
= e P2 - L 3 (2.12)

vihere n=20, 1, 3 oaenote, respectively, for plate, cylindrical

ana spherical type of boaies. It is integrated over the special

coorainatef, T's ¢[¢)
Tit n
S C O(¢n lg)dT =‘L‘§ (¢ Q (
dr 2T ot 2.13)
ricty OF vit)®t
Using Leibnitz theorem, it becomes
Y(t)

d an
[ n aeJ - [«"5__9] J'r ed'r+[°r ]
Yo or lr=me) &t vz, At

Eq.(2.14) is cailea the heat balance integral eguation. It is
appliec a@ance & suitvable temperature profile 1is prescribed. It

provides solution for © in terms of desired parameters.

Quasi Steaay HMethod i3,

Quasi-Steauy method assumes thet at each instant ol time

steady state condition preveails. It is used to solve the steady

state form

i d noe
R :%;—_ ) =0 (2.15)

of Eg.(2.12). It gives behaviour of temperature. The energy
balence is then applied over the portion of the body effected
by he&t conduction wna is egyuated with heat transfer through the

boundzry oi the boay. This leuds to 3
a 7 T !‘!z ¥ .| W
o dr R 3 G
- ‘5?,} €L “—-' - Q'tJ” Cp e dm (2-16)

I'-.—..I'b I'b
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In this equation the left hand side denotes heat transfer
through boundery surface, r = Ty whereas on the right hand side
the first term represents heat absorbed or realeased due to

latent heat of the materisal of the boday caused by phase-change
&nd the second term, the time rate of change of sensible heat

of the material of the body, rb to r 1is the boundaries of the

body between which heat conduction occurs. The solution of Eq.
(2.16) gives the behaviour of temperature in desired YerpEratuxe

perameters.

3.0:Physicel Problem of Continuous. Casting in a Vertical Mould:

Sonsider & molten meterizl which is continuously casted
through & vertical moula of & continuous v cesting machine. It is
shown schematically in Fig.3%.l. The molten material enters
from the tundis into the vertical mould &t & temperature, Ty
and the solidified shell with molten core is continuously with-
drewn with & velocity U with which the molten material enters
the moulu. buring cé&sting, coolant flows through the coolant
chaunnel of the mould in & direction opposite to the direction of
withdrewsl of the continuously cast material. The solidification
begins once the melt comes in contact with the mould wall.iﬁhiﬁme
happens uue to heat extrection from the melt by the coolant; It
bezins to develop at the entrance of the mould and increases
progressively in thickness as the melt.fléws through. the mould.
Zue to chenge in density occured &s & result of phase-change
during soliailicetion, the volume ol the melt decreases in the
soligitied layer causing a gap between the mould wall and the

solidified skin. It is called zir gap. This also starts to develop
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at the entrance and grows in thickness progressively &long

with the progressive growth of the solidified skin.

5.l:Assumptions, Approximations &nd Conaitions:

(1) To avoid over flow ol the melt irom the top oi the mould
pouring speed oif uthe melt from the tunails eyuals to the
velocity oi the withareswal, U

(ii) The thickness oif the soliaified skin &t the exit of the
mould shoula be suilficient to withstana the ferrostatic
pressure of the melt core in orcer that the witharawel

takes place without rupture.

i (iii) The mould casting interface surface is lubricatea for
ik g &

casting speed enh ancement, reauction of mould surface

wear and improvement of surfece guality of casting,

(iv) The molten material is assumed te enter the mould at its
melting tewmperature, Ty = Tp It is not superheated
since more heat is to be extracted ror the growtn of same
solidifiec shell thickness as compared with heat extracted
from the molten meteriel having no superheat, consequently,
the shell thickness is reduced due to which the increase
in ferrostatic pressure is so less that chances of break-

out is lincrezsed.

(v) Solidification is unidirectional. It is normal to the
direction of withdrawal due to heat extrection in that

direction.
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(vi) Thermophysical properties of the continuously cast
material except the density which chenges due to change

in phase of the material from lizuid to solid remain

uniform during casting.

(vii) The heat transfer from the mould wall to the coolant
is only by convection. Since airections of flow of
coolant and witharawzl of continuously custing material
forming counter ilow heat exchanger keeps about a uni-
form temperature difference, @n cverage heat transfer

coefficient, h is cssumed.

(viii) To take into account the couple effect of thermel
resistences due to air gap, thickness of the mould wall
and the lubrication film, and the average heat transfer
coefficient for the convection cooling, overall heat
transfer coefficient, Uo is taken, It is given by an

expression

(ix) The mould is vertical and static.

(x) Presence of intermittant contact regions is neglected.

3.2: Concerned Iguations:

Solidification of the molten méterial in the mould
occurs and the solidified shell with molten core is continuously
withdrawn, This is affected by heat conduction and the heat
conduction equation for a differential control volume within
such & continuously withdrawn aaterial is

(ocrs (T9T)= kV>T i
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The heat conducted through the soliuified shell isg

extracted by coolant owing to heat convection

Yeonv = % ond i i

and the air gep formation is controlled by conservation of
mé ss

d[ﬂ: O LI (3-3)

3.53Governing Mathematical Egquations:

Repregenting gl(t) the distance of the éolidificatidn
Iront and a, the air gep thickness measured from the mould wall
(Fig.®'1), the Eq.(3.1) for continuous casting of the molten
material with uniform velocity U takesthe form
y
2

-
?scf’s'v-f—é—z- = Ks—é—x' 9‘({)57350,270(3.4)

Lq.(3.4) accounts for the assumptions stated earlier.

Since during solidification the volume of the melt changes
due to change in the density of the melt from ﬁl to fs’ the masgs
of the melt remains constant before and aiter solidificeation.

Application of Eg.(3.3) to this situation yields

Ll ik il ﬁl L ?s(ql - ) ceee (3.5)

3.4sAssociated Initiel & Boundary Conditions:

Initial Condition:

T:Tm : ql(t)zo 5 a = B @t Z :9 (3,6)

Boundary Conditions:
Heat conducted through solidified layers 1s convected

through the coolant. Use ol Lg.(3.2) lezds this condition to
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Whereas the heat liberated aue to instant solidification is

concucted through the solidified layer is

ah

: ELT o q dql By d(ql -a ) i TR
spX ~ P e fs at
with ? =7 et x = ¢y, 2>0 (3+8)

Note thet Egs.(3.4)to (3.7) form & mathematical model for the

solidification ol contiauous casting in a vertical mould.

3.5

gimilarity Analysis :

This model indicates that the solidification depends upon
thermophysical properties of the material to be casted, the mould
| wall, the geses in the air gap, the lubricant film, the rate of
withdrawal, the mould wall thickness, the temperature of the melt
and the coolant, heat transfer co-efficient. It is difficult to
study their effect upon the behaviour of the solidification
becauce they sre interrelated., The independent parameters are,
therefore, obtained using similerity analysis.
Geometric similarity gives
: = x/d
n = ql/d (3.9)
n. = g /d
fihere d = ks/ Uo

Here, d is not the semi-gap of the mould often used to provide

geometric siwmilarity.

Rather it is the significant thickness of the solidified layer
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conducting the amount of heat that would be #¥¥Iyéd carried

away by convection.

Kinematic similarity leads to
Z

T = ——E_-—- with t = e (5.40)
tr

t is the time of travel of the solidified layer through a
aistance 2 in the mould with the withdrawal velocity, U and

t the reference time. It is obtained from Ee.(3.4) using the

r’
principle of dimensional homogeneity.

Phermal similarity provides

Bt £E_:_?@l
(1o Tg)

B s (-3.2_:_?..@_ (3 -ll)
2 Tcﬂ o

Use of Egs.(%.9) to (3.11) reduces Eg.(5.4) and its associated
initial and bouncary conditions, Bgs.(3.6) to (3.8),respectively,

to

b;%2= t'%‘? nLegsn. ; T20 {3:12)

& =0, =0 o D2l =0 (%.135)
-%%: (0= 1), 8 =0y 5 € =uy , THO (3.14)
_%% & ?'15{ —%E%- 5 o _@_ngga), 6=0, ¢= 0, T>0  (3.15)

whereas Eg.(3.5) takes the form
NS R na) = n A3.16) 5

sl

The dimensional homogeneity of Eg. (3.12) gives

k 1
tp = —gr——— (3 ) 149
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