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Darken’s quadratic formalism is extended to multicomponent solutions. Equations are developed for the representa-
tion of the integral and partial excess free energies, entropies and enthalpies in dilute multicomponent solutions.
Quadratic formalism applied to multicomponent solutions is thermodynamically consistent.  The formalism is compared
with the conventional second order Maclaurin series or interaction parameter representation and the relations between
them are derived. Advantages of the quadratic formalism are discussed.
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1. Introduction

Darken’® in a sequence of two papers developed
a quadratic formalism for the representation of the
excess integral and partial free energies in binary and
ternary systems in the vicinity of a single component
selected as the solvent. In the first paper,)’ Darken
suggested that for most liquid binary metallic systems,
the thermodynamic behaviour in the two terminal re-
gions is relatively simple and the activity coefficients
of the solvent and solute can be well represented by a
quadratic formalism over a wide composition range
as,

log 71= @12 X% .corriiiiiiinniiinnnnne, H
and
log 72 = log y3+aue(—2X,+ X3 ...oeeiiis 2)
where, subscripts 1, 2: solvent and solute, respec-
tively.

The Gibbs-Duhem equation for a binary system can
be modified and put in the form

dlogy, _ dlogys 1 4G

d(X3) ~ d(X?) = 4.605RT dX3

Darken called the second derivative of the excess free
energy with respect to composition ‘ excess stability ’
and studied the behaviour of excess stability in a num-
ber of binary metallic alloys. The excess stability
function remains reasonably constant within the limits
of experimental uncertainity, in the terminal regions
extending upto 30 at%, solute. In strongly interact-
ing systems the validity of the quadratic formalism is
limited to a smaller concentration range.

In the subsequent paper, Darken? extended the
quadratic formalism to several Fe-C-X ternary sys-
tems and observed that this formalism is adequate to
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represent available data upto solute (X) concentra-
tions of 20 to 30 at%,. This communication is aimed
at extending the quadratic formalism in a general
manner to dilute multicomponent solutions. The
thermodynamic consistency of the quadratic formal-
ism for multicomponent systems is examined. Finally
the quadratic formalism is compared with the second
order interaction parameter representation and the
interrelations are discussed.

2. Quadratic Formalism for Multicomponent
Solutions

A quadratic equation for the excess integral free
energy of a ternary solution for solvent rich composi-
tion is¥

‘—G’”— = Xz log )"O+X3 IOg r°—0z12X2—a13X2
2.303R 2 8 z 8
—(a12+a13—a’23)X2X3 .................. (4’)

The corresponding expressions for partial proper-
ties or activity coefficients derived using the Gibbs—
Duhem equation are,?

logri= a1 X3+ X3+ (ae+az—as) Xo Xs

log 72 = log 15 —2a12 Xe+ (s — 12 —a13) X
+ap X3+ ap X3+ (aptaiz—az) Xo Xs

log 73 = log 73— 2a13. X5+ (azs— a1 —a13) Xz
tapX i+ a X3+ (aptas—ag) XoX;

where, subscript  1: solvent

2, 3: solutes.
Eqgs. (5) have been shown by Darken to be thermo-
dynamically consistent, reduce at X;=0 or X3=0 to
an appropriate formalism for a binary solution and
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approach at infinite dilution Raoult’s law for the sol-
vent. The quadratic representation for the excess
integral free energy in a quaternary system for solvent
rich compositions is;%

G’xs
9303RT X; log 13+ Xz log r3+ X, log 7§ —a10.X3
—a13 X — a1 X}~ (@213 —ags) Xo X3
—(@z+ar—an) Xo X,
‘—(a13+a’14—a’34)X3X4 ..................... (6)

which is an obvious extension of Eq. (4). On the
same lines, quadratic representation of the integral
excess Gibbs energy in a dilute multicomponent solu-
tion may be written as,

G’xs m 3 m
9303RT — = Xilog r—2<z]: (ant+ay;—a )X, X;
_i aliX% ................................. (7)

where, subscript 1: solvent
i, j: solutes
m: the number of components,
From Eq. (7) one may obtain expressions for the par-
tial excess free energies by means of the general ther-
modynamic relations for a multicomponent solution
at constant 7 and P,

s xs < aGWS
G5t = G4 2 =X G e 8)

where, 3,,: the Kronecker’s symbol (3,,=0 for pn
and d,,=1 for p=n) for all values of p
from 1 to m.

The relations for the activity coefficients are thus

found to be,

log 71 = %%: (af1]-+a1k—aj,c)z\’ij+z:2 ay; X%
Fi i=

..................... 9)
log s = log 7§ —2a1, X, — g:z (@t ay;—a )X,
T
+Z<§ (ars+ou—au) X, X+ Z:z ay,; X2
7 i=
..................... (10)

Egs. (9) and (10) reduce to Eqgs. (5) for a ternary
system and to Eqs. (1) and (2) for a binary system,
respectively, under appropriate limiting conditions.
Relations (9) and (10) can also be deduced from a
different form of the thermodynamic relation

G2 = Gor4(1—X,)

X(aG“) [nﬂizoﬂ;p }
0X, Jr,p,xwx, n=1..m;o=1...m

for all values of p from 1 to m.

3. Comparison of the Darken’s Formalism
with the Interaction Parameter Formalism

An expression for the logarithm of the activity
coefficients of solutes in terms of the second order
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interaction parameter representation is®

Iny, =In i+ X+ ZQS{X_;'""ZM% o X, X,
J= i<k

J=i
+3 plX3
i=2

The convention adopted here for superscripts and
subscripts is same as that of Lupis.® It has been
shown recently? that the truncated Maclaurin series
for the activity coefficient in ternary and higher order
systems is not thermodynamically consistent in its
general form. Moreover, if the activity coefficients
of all solutes and solvent are expressed by a second
order Maclaurin series expansion, then Gibbs-Duhem
equation imposes certain relation between the coef-
ficients of the series. For a ternary system these
are®

Relations (13) are same as that derived by Schuh-
mann® using a slightly different approach. It is also
seen that upon substitution of Eq. (13) into Eq. (12),
for a ternary system, Eq. (12) reduces to the form
suggested by Pelton and Bale,® albeit through an
inexact procedure.¥ Comparing Egs. (10) and (12)
we arrive at the following relations:

gt = — 20t = —(2.303)2ay;
& = —pi = —(2.303)(ay;+ay—as))
(,, 7 =2..m and ixj)
Pl = (2.303)(as;+an—ax)
(4,7, k=2...m and jxF)

(t=2...m)

ol =(2.303)ay; (G, ] =2...m)

Egs. (13) are only a specific case (i.e., applied to a
ternary system) of the general relations expressed by
Eqgs. (14). Substitution of Eqgs. (14) in Eq. (12) gives
an equation identical to that derived by Pelton and
Bale® for a multicomponent system. In summary,
quadratic formalism is identical to the second order
interaction parameter formalism in which interaction
parameters are related by Eqs. (14). It is apparent
that interaction parameter formalisms other than the
second order can not be reconciled with the quadratic
formalism.

4. Entropy and Enthalpy Parameters in Quad-
ratic Formalism

The enthalpy and excess entropy functions can also
be represented by a quadratic formalism

H= §2 XoH; =33 (it =i ) X, X,
= 1<y

—ith% .................................... (15)
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Szs = ngleso—ZZ (J'li—I—.Ylj—Sij)Xin

1<g
m
—2 51X}
=

where, &, s: the enthalpy and entropy parameters
that relate to «, respectively.

The corresponding expressions for partial properties

of the solvent are given by

H1 = ZZ (}llj‘i“hlk—/lﬂc)XfX/c‘f‘Z hle?
i<k j=2

1= ZZ (31j+51k—"3jk)Xij+z 511X§
i<k j=2
..................... (18)
and for the solutes
Hi = Hi—zhlle -—i (h1i+h1j_}li_-;)Xj
Tei
+Z<% (h1j+h1k'—hjk)Xij+Z2h1jX3'
i j=
..................... 19
m
8P = S?’°—2S1¢Xz-—§2 (s10t51,—5:5) X
=i
+Z<% (Slj‘f‘-flk—sjk)Xij""ZZ 51jX§
Fi j=
..................... (20)

There are relations between the free energy, enthalpy
and entropy parameters. Since

G*s = H—-TS=s
then

— hno _ ‘f’nl)
"~ 2.303RT  2.303R

ano

(nxo0) ......... @2n

for all values of n and o from 1 to m. Comparing the
quadratic formalism for enthalpy and excess entropy
with a second order Maclaurin series representation,
we can arrive at relations similar to Eqs. (14). Fol-
lowing the convention of Lupis,® the enthalpy cor-
relations are

pi= =24 = —(2.303)2Ay;

(G, =2...m and ix )

Z{k = (2.303)(}l1]+}l1]‘;—}l1k)

(6,7, k=2...m and jxk)
(t,j=2..m)

G=2..m)

= (2.303)hy,

where, 7, 1: the first and the second order enthalpy

interaction coeflicients, respectively.?
Similarly, the entropy correlations are
ol = —2zi = —(2.303)2sy,
ol = —al = —(2.303)(s1;+51,—5:7)
(i, =2...m and ix))
73* = 2.303(s1;+ S5 —5 1)
(¢, J, k=2...m and jx£k)
#j=2...m

(t=2...m)

7! =2.303s,;

where, ¢, z: the first and the second order entropy
interaction coefficients, respectively.
The enthalpy interaction coefficient can be obtained
either through the temperature dependence of the free
energy interaction coefficient or independently by
calorimetric measurements. The entropy interaction
coeflicient is determined from the enthalpy and free
energy interaction coeflicients using Eq. (21).

Jacob and Jeffes” have shown that the first order
enthalpy and entropy interaction parameters in M—
O-X system are related by an empirical cxpression,

P=10] e, 249

If a self-consistent second order Maclaurin series ex-
pansion for the activity coefficient of solute is chosen,
then it follows that

CAONUIRN (25)

[ R———
A =rr]

If similar relations also hold between the self interac-
tion parameters (yi=to!), then it can be shown that
the enthalpy and entropy parameters of the quadratic
formalism are also related,

hij =TSy

The characteristic temperature (z) where the free en-
ergy parameters become zero may be expected to vary
with the melting point of the solvent although it is
difficult to discern such trends because of the uncer-
tainty in the experimental data. The value of the
characteristic temperature () has been evaluated as
1 820 K based mainly on data for systems with copper
and lead as solvents. For iron as a solvent this char-
acteristic temperature is expected to be =2 400 K.
The main utility of this empirical correlation between
enthalpy and entropy parameters is in the estimation
of free energy parameter at temperatures different
from that used in measurement.

5. Thermodynamic Consistency of the Quad-
ratic Formalism

From the fundamental definition, the Gibbs free
energy G is a state function and hence its differential
is exact. In a mathematical sense the necessary and
sufficient condition for exactness is given by Maxwell’s

relation,

9 (9G\ 8 (3G

37%(87”;) oy (671)
for all values of ¢ and j, where n; and n; are the num-
ber of moles of components ¢ and j. It has been men-
tioned earlier? that this condition for exactness can

be modified and rewritten in terms of the partial
property and mole fraction as

dny; 2, dlny;  dny 2o dng
X, X, T X, A ax,

Noncompliance of any formalism to relationship (28)
implies that dG is inexact which is thermodynamically
inconsistent. It has been mentioned earlier® that in
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general truncated Maclaurin series for the activity
coeflicient in ternary and higher order systems does
not obey their condition for thermodynamic consisten-
cy and hence the integrals are path dependent. They
can be made consistent by invoking special relation-
ships between interaction parameters derived from the
Gibbs—Duhem equation. Darken’s quadratic formal-
ism for ternary system has been shown to satisfy the
condition for thermodynamic consistency.? It can
be shown that the quadratic formalism extended to
multicomponent solutions also obeys the condition for
thermodynamic consistency, i.e., Eq. (28). Differen-
tiating Eq. (10) with respect to X,

Oy

= _(a1i+a'1j_aij)+k§2 (a1j+a1k—aﬂc)Xk
kxj

Similarly, differentiating Eq. (10) with respect to X;
and taking the summation of mole fraction weighted
terms

k§2Xk X, =—2“1iXi—k§2((X1i+a1k“a’ik)Xk

k)

+23> (a;+ o —a ) XX
i<k
+2kz—:2alkX% ........................ (30)

Similarly it can be shown that

ol m
aerTj = —(a1j+a’1i—0(ij)+ > (a1i+alk'—aik)Xk
i %
F 2015 X5 e eaeeaaas 3D
and
m ol R m
kngk ar)l(:] = _Qalej_,,ggz(alj‘l'alk_ajlc)Xk
xj
+2 Z<‘l? (au+ag—au)X; X
F23 aip X7 v, (32)

Substituting Eq. (29) to Eq. (32), the exactness cri-
teria, t.e., Eq. (28) is satisfied.
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6. Advantages of the Quadratic Formalism

In the quadratic formalism, the activity coefficients
at infinite dilution and solvent-solute interaction
terms are obtainable from individual binary systems,
and solute-solute interaction terms are in principle
derivable from a single measurement on each of the
constituent ternary systems. Hence, when the quad-
ratic formalism fits the data in dilute multicomponent
solutions, data management is largely simplified.
Further, the quadratic formalism unlike the linear
¢ formalism is thermodynamically consistent. The
quadratic formalism is expected to apply to dilute
multicomponent solutions which do not exhibit large
positive or negative deviations from ideality. In such
systems it provides a valuable procedure for Gibbs—
Duhem integration in the terminal regions. The
validity of the quadratic formalism to multicomponent
solutions can be tested using published data in the
literature or by careful new measurements. The
published data has been analysed mainly in terms of
the interaction parameter formalism and certain bias
exists in some of this data. Data compilation on
ternary systems by Sigworth et al.871% indicate that
the relations &= -—-2p3=—203, ed=—203=—2p}, &=
—p3= —p2 are not generally satisfied. This implies
that Darken’s quadratic formalism may not have uni-
versal applicability. Careful studies are under way
to test Darken’s quadratic formalism in multicom-

ponent solutions.
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